Abstract-The synthesis of force-closure grasps on three-dimensional (3-D) objects is a fundamental issue in robotic grasping and dextrous manipulation. In this paper, a numerical force-closure test is developed based on the concept of distance. With some mild and realistic assumptions, the proposed test criterion is differentiable almost everywhere and its derivative can be calculated exactly. On this basis, we present an algorithm for planning force-closure grasps, which is implemented by applying descent search to the proposed numerical test in the grasp configuration space. The algorithm is generally applicable to planning optimal force-closure grasps on 3-D objects with curved surfaces and with arbitrary number of contact points. The effectiveness and efficiency of the algorithm are demonstrated by using simulation examples.
I. INTRODUCTION

S
INCE THE pioneering work of Salisbury and Roth [1] , multifingered robotic hands have received considerable attention. Fundamental issues relating to grasping and dextrous manipulation have been extensively investigated in the robotics literature. Overviews in this area can be found in [2] - [4] . In grasp and manipulation planning, the capability of the grasp for firmly holding the object while resisting external wrench loads is characterized by the properties known as form closure and force closure. The concept of form closure is originated from the field of machine design. A grasp is said to achieve form closure if it completely immobilizes the grasped object, relying only on unilateral, frictionless point contact constraints [5] - [7] . By taking into account the curvature of the contacting surfaces, Rimon and Burdick [8] developed the concept of second-order mobility. The force-closure property is related to the capability of the grasp for resisting external disturbances. A force-closed grasp is usually considered as being capable of applying the wrench on the grasped object required to balance any external loads. The primary distinction between form closure and force closure most often made in the literature lies in the contact model employed. As described above, form closure relies on frictionless point contact model, whereas the frictional or the soft-finger contact model are used in force-closure analysis. Form closure is usually a stronger condition than force closure. More formally, a grasp achieves form closure if and only if it achieves force closure with frictionless point contacts. In this case, form closure and force closure are dual representations. Tests of form closure and force closure, and the algorithms for synthesizing grasps with closure properties, are fundamental issues for dexterous manipulation using multifingered robotic hands, and they have been investigated extensively for two decades. The analysis of form closure is intrinsically geometric. It has been shown that a grasp is form closed if and only if the contact wrenches of the grasp positively span the whole wrench space [1] , or equivalently, the origin of the wrench space lies within the interior of the convex hull of the contact wrenches [6] , [9] . Based on the above necessary and sufficient conditions, various form-closure tests were proposed by Nyugen [10] , Mishra et al. [6] , Hirai and Asada [11] , and Xiong [9] . Because of the nonlinear nature of the Coulomb friction cone, it is much more difficult to assess the force-closure property of a robotic grasp. Nakamura et al. [12] formulated the force-closure test as 12 nonlinear programming problems. Bicchi [5] observed that force-closure analysis is equivalent to the stability of an ordinary differential equation. Recently, based on the observation that the friction constraints can be represented by linear matrix inequality [13] , Han et al. [14] proposed a force-closure test, which applies to grasps with frictional point contacts and soft-finger contacts. By introducing the polyhedral approximation of the nonlinear friction cone, Liu [15] formulated the force-closure test as the ray-shooting problem. In fact, with the linearization of the friction cone, most of the existing form-closure tests can be generalized to force-closure analysis.
As for grasp synthesis, Markenscoff et al. [16] showed how to choose force-closure grasps on polygonal objects so that it minimizes the worst-case finger forces. Nyugen [10] proposed a geometric method for computing maximal independent twofinger grasps on polygons. Based on the concept of maximal independent contact regions, Ponce and his colleagues proposed an approach for synthesizing a three-fingered grasp on polygonal objects [17] , and later extended to a four-fingered grasp on polyhedral objects [18] . By using the computational geometry technique, Liu [19] devised an algorithm for calculating all force-closure grasp configurations on polygons. Mishra et al. [6] presented a linear-time algorithm for computing at least one grasp configuration that achieves form closure for polyhedral objects. Based on the quantitative tests, Kirkpatrick et al. [20] , and Ferrari and Canny [21] addressed the problem of planning optimal grasps that achieve the best performance in resisting external wrench loads. More recently, Stappen et al. [22] presented an algorithm for synthesizing second-order immobilizing grasps on polygonal objects. In addition to the aforementioned studies, the problem of grasp analysis and synthesis has been addressed by many other researchers [23] - [29] . Despite the numerous efforts, we observed that no algorithm is yet available for synthesizing optimal force-closure grasps on general three-dimensional (3-D) objects with any number of contact points.
The primary contribution of this paper is to present a generally applicable algorithm for grasp synthesis. Based on the concept of distance ( distance, distance), we present a numerical test for the force-closure property of grasps. With some mild and realistic assumptions, the proposed force-closure test criterion is differentiable almost everywhere with respect to the grasp configuration, and its derivative can be calculated exactly. Grasp synthesis is implemented by optimizing the force-closure test with a descent search in the grasp configuration space. The presented algorithm is applicable to compute optimal force-closure grasps on 3-D objects with curved surfaces and with any number of contact points.
The rest of this paper is organized as follows. Section II presents the preliminaries and notations. In Section III, we present the concept of distance, the conditions for its differentiability, and the algorithm for calculating its derivative. The concept of distance and the force-closure test, as well as the algorithm for grasp synthesis, are described in Section IV. Simulation examples are given in Section V. Last, Section VI concludes the paper with final remarks.
II. PRELIMINARIES AND PROBLEM DESCRIPTION
Assume that each finger of the robotic hand contacts the object at a single point with Coulomb friction, thus, an -fingered grasp can be represented by a set of point contacts . In order to ensure the nonslippage of the fingertips, the contact force at is constrained to lie within the friction cone . For simplicity, we linearize by an -sided polyhedral cone . Let be the edge vectors of , they are normalized so that ( , ), where is the unit normal vector of the object surface at (see Fig. 1 ). Thus, any valid contact force can be represented as
where are a set of nonnegative coefficients, and we have . In words, specifies the amplitude of the normal component of the contact force . The contact wrench produced by is defined by The external wrench applied by the robotic hand on the grasped object is given by (3) where are called the primitive wrenches of the grasp. Note that (3) defines a convex cone in the wrench space , which specifies the feasible external wrenches that the robotic hand can produce by applying valid contact forces , . If , then the grasp is said to achieve force closure. An equivalent condition for the force-closure property is given by [6] , [9] (4) where and denote the convex hull and the interior of a set, respectively, and is the origin of the wrench space. Theoretically, a force-closed grasp is capable of producing any wrench on the grasped object required to resist external loads. However, it is implicitly assumed in the above description that the amplitudes of the contact forces are in no way limited. In practice, unrealistically large contact forces may be required to resist fairly small external wrench load, even though the grasp achieves force closure. In order to evaluate the practical performance of force-closed grasps and synthesize good grasps on given objects, the constraints on the amplitudes of the contact forces should be taken into account, and quantitative measures are desired.
Suppose that the robotic hand is equipped with hard fingers and the object to be grasped has piecewise smooth surfaces. The problems to be addressed are summarized as follows.
Problem 1: Determine the locations of the contact points at the object surface, so that the grasp achieves force closure.
Problem 2: Determine the optimal force-closed grasp configuration, so that the grasp achieves the most desirable performance in resisting external wrench loads by optimizing some quantitative measures.
III. THE DISTANCE
A. Definition and Properties
Assume that is a compact convex set satisfying where denotes the origin of the reference frame in . The gauge function of is defined as For any , , and , the gauge function has the following properties: 1)
; 2) if and only if ; 3) ; and 4) . In addition, if is symmetric with respect to the origin of the reference frame (i.e., ), then we have also 5) . The above properties imply that is a norm in . In the general case, we may consider the gauge function as a pseudonorm, since is not necessarily a symmetric set. Hereafter, we denote the gauge function by , and call it the norm. Naturally, the origin-centered sphere in terms of , or concisely, the sphere, is defined by , where is the radius of the sphere. For any , we have . In this light, the norm is defined in such a way that the unit sphere is determined at first as , from which the norm is induced. In particular, if is the unit sphere, then is just the same as the commonly used norm. However, since can be selected as any compact convex set satisfying , e.g., it is restrained to be a polyhedral set in the current paper (see Section III-B), may differ significantly from the norm. Based on the concept of the norm, we define the distance as follows.
Definition 1: Let and be a point and a convex polyhedron, respectively. The distance from to is defined by (5) The concept of distance can be directly generalized to two convex polyhedra, and , as . The distance functions between convex sets have found applications in many areas, including robot motion planning, computer-aided design, computer graphics and animation, etc. The commonly used distance function is defined using the metric. In comparison, the distance is a novel concept. The reasons for using the norm are straightforward. First, with being appropriately selected, both the distance and the distance (see Section IV for the definition) can be calculated efficiently by solving linear programs. Second, the derivative of and distances can be computed exactly in closed form, which allows easy and efficient implementation of grasp planning on general objects. We first consider the following question: How does change when the vertices of are displaced so that is deformed? The answer to the above question is closely related to the differentiability of the distance, as well as its application in planning force-closure grasps. We have the following theorem.
Theorem 1: (The Lipschitz continuity of the distance.) Let denote the vertices of the polyhedron . Suppose that the vertices are displaced to so that is deformed, and denote the deformed polyhedron by . We have the following inequality:
where is a constant, independent of , , and . is the norm in . Proof: See the Appendix. The Lipschitz continuity implies that is differentiable almost everywhere with respect to [30] . Therefore, if the coordinate vectors of the vertices can be represented as the smooth functions of a vector of real parameters as , then is differentiable almost everywhere with respect to . The sufficient conditions for the differentiability of , and a simple characterization of its derivative, are to be described later in this section. Prior to this, we present the linear programming formulation for computing the value of .
B. Computation of the Distance
Hereafter, we further restrain to be a polyhedral set, which is also specified by the convex hull of its vertices . Let denote the origin-centered sphere. From the definition of the distance, we observed that has the following geometric interpretation. It is the radius of the smallest sphere that is in contact with . The above observation implies that can be calculated by minimizing subject to the constraint . Since the constraint can be represented by a set of linear equations with nonnegative coefficients, and correspondingly, is formulated as
The above linear programming formulation involves equality constraints and variables ( is the dimension of the space in which and reside). By using Megiddo's method [31] , the dual linear program of (7) can be solved in time, provided that the dimension of the space is fixed. In this light, the potential complexity for calculating is linear in the number of vertices of . As well recognized, the simplex method [32] usually achieves linear performance, though it is theoretically of exponential complexity. Therefore, in practice, we may use the simplex method to solve the linear program (7) directly.
C. Differentiability and Derivatives
In the rest of this paper, we assume that the linear programming problem (7) is solved by using the simplex method, and denote the optimal solution vector by . Let and be the set of has to satisfy the constraints of (7). Therefore, we have the following linear equations: (8) As described above, can be interpreted as the radius of the smallest origin-centered sphere that is in contact with . Generally, whether or not is differentiable is determined by the geometric nature of the contact of the above two sets. In practice, the geometric nature of the contact can be identified by examining the optimal solution vector of the linear program (7). We have the following sufficient conditions for the differentiability of . (A1) . (A2) The linear programming problem (7) has the unique optimum. (A3) . The conditions (A1)-(A3) guarantee that the contact between and is generic, which is explained as follows. Assume that the above sufficient conditions are satisfied, then we have . Introduce the following notations:
and specify an -dimensional boundary feature of and an -dimensional boundary feature of , respectively. 1 By the assumptions, is the unique optimal solution to (7), which implies that and contact at a single point. Denote the contact point by , obviously, we have . In other words, and are the two boundary features of and that are in contact with each other. From the definition of and , it is easy to see that . For instance, we have in the 3-D case , which implies that the contacting feature pairis either edge-edge or vertex-facet. Such types of contact are referred to as the generic contact [33] . An important character of the generic contact is that the state of contact is invariant with the infinitesimal motions and/or deformations of the polyhedra that do not cause the breakage of the contact. In other words, the infinitesimal motions and/or deformations of the polyhedra do not change the uniqueness of the contact point and the feature pair in contact. The concept of generic contact can be generalized from the 3-D case to the -dimensional case, and thus, the conditions (A1)-(A3) imply that the contact between and is generic, which guarantees the differentiability of . Hereafter, we assume that the vertices of are variables, the coordinate vectors of them are represented by a set of smooth functions , where is the vector of real parameters. Accordingly, denote by , the optimal solution vector of the linear programming formulation by , the set of strictly positive basic variables in by , and the distance from to by , respectively. Apparently, all of them are dependent on . Suppose that undergoes an infinitesimal change to . It results in an infinitesimal deformation of , and hence, an infinitesimal increment on the value of (because of the Lipschitz continuity). If conditions (A1)-(A3) are satisfied, then does not change the state of the contact. Thus, (8) holds in a neighborhood of . By representing the quantities in (8) as the functions of , we rewrite it as (9) The formulas for the derivative of can be derived by differentiating (9) with respect to , as presented in the following theorem (see the Appendix for the proof).
Theorem 2: Let be a single element of . The partial derivative of with respect to is determined by (10) where (11) is the th row of the identity matrix, and is the partial derivative of with respect to . In practice, whether the linear program (7) has unique or multiple optima can be determined by examining the optimal simplex tableau, and the cardinality of is directly determined from the optimal solution vector . Hence, it is easy to verify the conditions (A1)-(A3). If they are satisfied, then the derivative of the distance is characterized by (10).
IV. PLANNING FORCE-CLOSURE GRASPS
A. A Necessary Force-Closure Condition
Let be the set of primitive wrenches of grasp . As described in Section II, the sufficient and necessary condition for the force-closure property is . According to the definition of the distance, it is easy to prove that if and only if . However, does not imply . Therefore, we have the following necessary (but not sufficient) condition for the force-closure property.
Theorem 3: The grasp achieves force closure only if .
Consider a grasp on a given object with point contacts. Assume that the primitive wrenches of the grasp are smooth functions of the grasp configuration . In practice, it is a valid assumption while the surface of the grasped object is piecewise smooth, and each finger of the robotic hand contacts the object at one of the smooth pieces. In what follows, we denote the primitive wrench set by , and let denote the partial derivative of with respect to . The smoothness of guarantees that is differentiable almost everywhere, and its derivative is characterized by (10) . Basically, the algorithm for synthesizing force-closure grasps is implemented by applying the descent search to . Starting from an initial point , the grasp configuration is updated iteratively in the descent direction of , until attains zero. Such a grasp configuration, if it is found by the search procedure, usually achieves force closure in practice. However, as the necessary condition, does not guarantee the force-closure property of the grasp. Therefore, sufficient conditions for the force-closure property are desired. For this purpose, we introduce the concept of distance in the following subsection.
B. The Distance Definition 2:
Assume that and are a point and a convex polyhedron, respectively, in , so that . Let denote the boundary set of . The distance of and is defined by (12) Obviously, for any and satisfying . In addition to a negative sign involved, the primary distinction of from is that the nonconvex constraint rather than is used in (12) for its definition. The nonconvexity makes it difficult to solve (12) directly, and hence, some alternative approach is desired for the calculation of . To this end, we present the following equivalent definition of the distance:
From (13), we have the following geometric interpretation of : it is the radius of the largest sphere contained in . Note that is equivalent to ,
. (13) can be represented as a set of linear programs as follows :
The value of is determined by (15) In order to calculate , the linear programming problem (14) (16) where (17) The proof of the above theorem is similar to that of Theorem 2, and thus is omitted. By the definition of the distance, we have the following obvious fact:
if and only if , or equivalently, if and only if . Therefore, if we apply the distance in the wrench space, and let , , then we directly obtain the following sufficient and necessary condition of the force-closure property.
Theorem 5: A grasp is force closed if and only if . According to the geometric description of the distance, it is easy to see that is consistent with the grasp quality measure defined by Kirkpatrick et al. [20] , except that the norm is replaced by in the definition. It can interpreted as the amplitude of the largest wrench that the robotic hand can produce on the grasped object in the worst direction, with the contact forces being constrained with is the normal component of the contact force at ). In the above interpretation, the amplitude of the wrench is measured in terms of . In light of this, not only provides a qualitative test of the force-closure property, but also quantifies the capability of the grasp in resisting unknown external loads and/or disturbances. Therefore, it is useful for further optimizing the grasp configuration while a force-closure grasp is obtained. Introduce the following notation:
.
We call the distance. Obviously, is differentiable almost everywhere. The derivative of , where it exists, is determined by (10) or (16), respectively, in the case of or . The grasp planning algorithm to be proposed in this paper is implemented by minimizing in the grasp configuration space.
C. Constraints on the Grasp Configuration
In practice, it is quite possible that the grasp configuration is required to satisfy some kind of constraints. For instance, the contact point may be restrained to some smooth pieces of the object surface. Hereafter, we denote the constraints by , , and assume that 's are smooth functions. By taking the constraints into account, we formulate the grasp planning problem as the following constrained optimization problem: (19) In what follows, we introduce the concept of potential field to handle the constraints. The concept of potential field is borrowed from the area of robot collision-free path planning [34] . It is, in fact, a kind of penalty function. Let be a threshold which specifies the active region of the potential field, and . The potential function is defined by (20) Obviously, is continuously differentiable with respect to . The reason for using potential function is straightforward. It allows to solve (19) by minimizing the following unconstrained objective function (21) where is a weighting coefficient and is usually selected as a small positive number.
D. The Grasp Planning Algorithm
Suppose that an initial grasp satisfying the constraints , is given. The algorithm for synthesizing optimal force-closure grasp on a given object is implemented by minimizing the objective function defined in (21) . We employ the descent search algorithm with a constant step size denoted by . At each iteration, the grasp configuration is updated as follows: (22) The above algorithm produces a sequence in the grasp configuration space. If for some , then a force-closed grasp configuration is obtained as . In practice, we may let the algorithm proceed until attains its minimum. In this case, the grasp achieves the best performance in firmly holding the object while resisting external wrench loads. Finally, we point out the following facts. First, it may happen in practice that is nondifferentiable (in a subset of the grasp configuration space with zero measure). In this case, we may impose a small perturbation on to force it away from these irregular configurations. Second, the sequence is not necessarily a decreasing sequence with constant . In fact, because of the nonsmooth nature of , there is no guarantee for the convergence of the descent search to a local minimum [30] . Nevertheless, numerous simulation examples show that the proposed algorithm is very efficient in planning optimal force-closure grasps. Third, it is worth noting that the algorithm is generally applicable. It can be used for concurrent planning of an arbitrary number of contact points of grasps on 3-D objects with curved surfaces. Clearly, it also applies for synthesizing -fingered grasp, of which of the contact points are fixed, and the others are to be determined to achieve force closure. This kind of problem may arise from the area of fixture design [35] .
V. SIMULATION EXAMPLES
The proposed algorithm was implemented for synthesizing optimal force-closure grasps. The implementation was conducted on Pentium-IV PC. MATLAB is used for programming. The friction coefficient at the surface of the grasped object is assumed to be . For 3-D grasps, we linearize the friction cone by a 10-sided polyhedral cone . Example 1: The object to be grasped is an ellipse, of which the lengths of the principal axes are and , respectively. The problem is to determine the optimal force-closure grasp on the ellipse with three frictional point contacts. Note that the grasp configuration can be represented by , where specifies the position of the contact point . Let , the unit normal vector and the tangent vector of the ellipse surface at are and , respectively. Thus, the two edge vectors of the friction cone at are characterized by . Correspondingly, the primitive wrenches , are determined by (23) For any given grasp configuration , is determined by solving the linear program (7) or (14) , while its derivative is calculated from the optimal solution of the linear programs by using (10) or (16) . Let the initial grasp configuration be , the step size be , and fix the number of iterations to 10. By applying (22) , the grasp configuration is iteratively updated. The results are depicted in Figs. 2 and 3 , where denotes the number of iterations. It is observed from Fig. 3 that a force-closure grasp is obtained at the first iteration ( , ), the required CPU time is 0.24 s. As the algorithm proceeds, the sequence decreases rapidly, which implies that grasps with improved performance are produced by the iterative procedure. A nearly optimal grasp configuration is obtained with four iterations ( , ) with the CPU time being 0.75 s. Fig. 2 shows the evolution of the grasp configuration in more intuitive form, from which it is easy to see that the optimal grasp produced by the algorithm is consistent with the human experience.
Example 2: Consider a four-fingered grasp on the 3-D object, which is the assembly of a cube, a cylinder, and a sphere (see Fig. 4 ). The radii of the cylinder and the sphere are 1 and 2, respectively. Let the contact points and be positioned at two faces of the cube ( and ), and be positioned at the surfaces of the cylinder and the sphere ( and ), respectively. The problem is to plan an optimal force-closure grasp on the object. Note that the positions of the contact points are characterized by as follows:
In order to ensure , has to satisfy the following constraint:
, where denotes the th row of the 8 8 identity matrix. The constraint (25) can be written as (26) At each contact point , a local coordinate frame is attached, of which the relative orientation with respect to the object frame is specified by the following rotation matrix: (27) Let the friction cone at be linearized by an -sided polyhedral cone, of which the edge vectors (represented in ) are defined by (28) They are represented in the object frame as follows: (29) Let denote the primitive wrenches of the grasp, determined by (30) Because of the smoothness of and , the primitive wrenches of the grasp are smooth functions of the grasp configuration . From the representations of and , it is easy to calculate the derivative of with respect to . Therefore, by using (10) and (16), the derivative of can be calculated from the optimal solution of the linear program (7) or (14) .
In the implementation, we select as the origin-centered regular simplex in the wrench space. The initial grasp configuration is , which does not achieve force closure. The potential function is simply defined by , the weighting coefficient in (21) is selected as , the step size is , and the number of iterations is fixed to 10. The results produced by the iterative procedure is depicted in Fig. 5 , from which it is observed that a force-closure grasp is obtained within four iterations , with the CPU time being 0.66 s. The grasp configuration obtained after 10 iterations is , and the required CPU time is 2.93 s.
Example 3: The object to be grasped is an ellipsoid, of which the lengths of the principal axes are and (see Fig. 6 ). The problem is to determine an optimal force-closure grasp on it with four frictional point contacts. Hereafter, we denote , , , and . For each , the position of the contact point is specified by a pair of parameters and as . Thus, the grasp configuration can be represented by . Let be the local coordinate frame attached to the surface of the ellipsoid at , it is characterized by , , and , where . It is easy to see that and are tangent to the lines of longitude and latitude of the ellipsoid, respectively, and is the unit inward normal vector of the ellipsoid surface. The relative orientation of with respect to the object frame is characterized by the following rotation matrix: (31) Let , be the edge vectors of the linearized friction cone at , they can be represented in the object frame as , where is defined by (28) , and is the number of the edge vectors of the linearized friction cone. The primitive wrenches of the grasp are determined by , which are differentiable with respect to the grasp configuration . Based on the solution to the linear program (7) or (14), the derivative of can be calculated by using (10) or (16) . In the implementation of the grasp planning algorithm, is selected as a regular simplex in the 6-D wrench space, the step size is fixed to be . Two different grasp configurations and are used as the initial point of the algorithm. The results are depicted in Figs. 7 and 8. With and , three and four iterations are required, respectively, for obtaining a force-closure grasp, with the CPU times being 0.58 s and 0.67 s. The grasp configurations produced by the grasp planning algorithm with 10 iterations are and , and the required CPU times are 3.26 s and 2.92 s. It is observed that, with the different initial points, the resulted grasp configurations and differ significantly from each other. The primary cause of this distinction is that may have multiple local minima. To demonstrate this fact, we fix the positions of three contact points at , , , and let move freely on the surface of the ellipsoid, i.e., ( , ) changes over the area . The contour of is shown in Fig. 9 , which indicates that has at least two distinct local minima. It is easy to imagine that, as all of the four contact points are allowed to move, may have multiple local minima in the 8-D parameter space.
VI. CONCLUDING REMARKS
Based on the concept of the distance, this paper presents an algorithm for synthesizing force-closure grasps on 3-D objects. The algorithm is generally applicable to various grasping scenarios. It can be used for planning grasps with any number of contact points on the objects with curved surfaces, for concurrent planning of all contact points, or only a subset of the contact points while the others are fixed. It not only computes force-closure grasp, but also produces optimal grasp configuration on given objects. Since the distance is differentiable almost everywhere, and its derivative is calculated exactly and used for the gradient descent minimization in the configuration space, the proposed method is computationally efficient. It is expected that an efficient practical implementation of the algorithm may achieve real-time performance, and it can be applied to 3-D grasp and regrasp planning, and also to fixture design. 
APPENDIX I PROOF OF THEOREMS
Proof of Theorem 1: At first we present an inequality, which describes the relationship between the norm and the norm. For any , we have (32) where is the radius of the largest sphere contained in . Note that is a convex polyhedron, it can be represented as the convex hull of its vertex set as follows:
Thus, we can rewrite (5) in the following equivalent form: (33) Assume that minimize , and minimize , respectively, subject to the constraints and . We have (34) where . The above inequality can be rewritten as (35) By the similar arguments, we can prove that
Combining (35) and (36) yields
Notice that is uniquely determined by , it is obviously independent of , , and .
